I"Jbungen zu Numerische Methoden 1
Dr. L. Mindrinos  Fakultat fiir Mathematik, Universitdt Wien 11. November 2013

Exercise Sheet 5

1. Consider the trapezoidal method

tiy1 —t;

5 [f(ti, i) + f(tivr, yir1)] s

Yi+1 = Yi +
to approximate the solution of the initial value problem
y'(t) = f(ty(t), telad], y(to)=yo,

in n + 1 equidistant points in [a, b]. Solve the initial value problem

Y =y -2 +1, 01, y(0) =3

for n = 2 using the implicit (backward) Euler method and the trapezoidal
method.

2. Consider the following Runge-Kutta arrays

0[0 o 0]0 0
/3 3 and 5[5 0
3 2 01

which define two second-order Runge-Kutta methods for approximating the so-
lution of the initial value problem

y'(t) = —y(t), t>0, y(0)=1

For a given h > 0, find for both arrays the coefficients C'(h), such that the
corresponding method takes the form

Yir1 = C(h)y;

3. Consider the Runge-Kutta method with tableau

1_ V3 1 1_ V3
2 \Gf 4\[ 1776
1 3 1 3 1
2t e late 1
I T
2 2

Show that this method is A-stable.



4. Consider the initial value problem
y/(t) = f(t7y(t))7 y(to) = Yo, te [t07 b]a
and it’s perturbation
yé(t) = f(ta ye(t))a ye(tO) =Y + €, €> 07 te [t07b]7

An initial value problem is considered to be well-conditioned if

lye — vl = Orgggblye(t) —y(t)] < ce,

for some ¢ > 0 independent of €. Consider the problems
(a)
y'(t)=Ay)—1), AeR, tel0,b],
with general solution
y(t) =1+cqae, cq €R.
(b) , ,
y(t)=-y°(t), te [Ovb]v
with general solution

y(t) , ¢ €R.

Set as initial condition y(0) = 1 in both of the problems and characterize them
with respect to stability.

:t—Cb

5. Implement in MATLAB the Euler method and the trapezoidal method (ex. 1) to

approximate the exact solution y(t) = e!=t"/2 of the initial value problem

y'(t) =1 —-tyt), y0)=1, tel0,2]
for h:=t;41 —t; = 0.5, 0.2 and 0.1.
6. The fourth-order Runge-Kutta method is given by

Yo = y(a),
ko = hf(ti,yi),

h 1

kl = h’f<t’b + §7yi + §k0)a
h 1

kQ - h’f<t’b + §7yi + §k1)a

ks = hf(tiv1,yi + k2),
1
Yirl = Yi + g(ko +2k1 +2ka + k3), i=0,..,n—1

Implement in MATLAB the above method to approximate the solution of the
initial value problem

y'(t) = _y) te[0,1], y(0)=1, for h=0.005.



